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1. Introduction

In [1], the second and third authors developed a series of general integral formulas for
compact spacelike hypersurfaces with hyperplanar boundary itmthel)-dimensional
Minkowski space—tim&*+1. As an application of those integral formulas, they proved that
hyperplanar balls and hyperbolic caps are the only compact spacelike hypersurfaces in the
Minkowski space—time with constant higher order mean curvature and spherical boundary.
In this appendix, we would like to emphasize the interest and usefulness of those integral
formulas by extending those results in [1] to the case where two (non-necessarily constant)
higher order mean curvatures are linearly related. Specifically, we will prove the following
unigueness result (recall thAy = 1 by definition).
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Theorem 1. Letx : M" — L"*! be a compact spacelike hypersurfacein the Minkowski
space-time with spherical boundary. Assume that for inte@erst < k < n, the higher
order mean curvature#l, and H; are linearly related byH;, = cHy, for a constant. Then

M is either a hyperplanar ball or a hyperbolic cap

As stated in its own title, this note should be read as an addendum to the paper [1]. For that
reason, we will directly follow the notation and nomenclature in [1].

2. Proof of thetheorem

SinceHp = 1 by definition, the casé = 0 corresponds to Theorems 1 and 2 in [1], so
that we may assume without loss of generality that 1 (and hencé > 2). Following the
notation in Lemma 2 [1], let us assume that the boundary is contained in the hyperplane
IT = a*. Then, we know from the integral formula (22) in [1] that

?§ hk_l(v,a)kds=n/ Hk(a,N)sznc/ Hy{a, N)dM,
oM M M
and
f he_1(v. a)’ ds =nf Hy(a, N)dM,
oM M
that is,

% hp—1(v, a)*ds = c% he—1(v, @)’ ds. (2.1)
aM oM
Suppose now the bounda¥y= x(d M) is a round spher&"—1(p) of radiusp > 0. In that
case, we have that = —1/p foreveryi = 1,...,n — 1, so thath,_1 = (—1)""1/p 1
forr =1,...,n — 1. Besides, valD) = pA,/n, whered, = aredS" 1(p)). Therefore,
Eq. (2.1) becomes

% (v, a)kds = (—1)k_lc,ok_ef (v, a)t ds. (2.2)
aM aM

We may assume without loss of generality that there exists at least an elliptic point
po € M, whereH,(pg) > 0O for everyr. Otherwise, we know from Lemma 1 in [1] that
the hypersurface is a hyperplanar ball. We claim tHatp) > 0 for every pointp € M.
Indeed, observe thatmust be a positive constant, because Hy(po)/H¢(po) > 0 at an
elliptic point pg. Denote

U={peM:H/(p) >0}

It is clear thatU is a non-empty open subset &f, sincepg € U. We will show that it is
also closed. By @ding inequalities [2,3] (taking into account the sign convention in the
definition of H, [1]), we know that at each point € U

Hy'"(p) = Hy(p) = cHe(p) > O,
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that is,
Hy(p) = !/*9 > 0,
at each poinp € U. This gives
Hi(p) = cHy(p) = %9 > 0, foreveryp € U,
showing that/ = {p € M : Hy(p) > ¢*/*=b > 0} is also closed.
ThereforeM = U andH;, > 0onthe wholé\, as we claimed. Thend&ding inequalities
imply that
= HY? > > gYeD

S =m0, (2.3)

and

Hy Hp  _ Hi
Ho = H1 Hy 1

(2.4)

hold onM, with equality at any stage only at umbilical points. Sikce 2, takingr = 2 in
Eq. (16) in [1], we can conclude from the fact tHé¢ > 0 on M that(v, a) cannot vanish
at any boundary point € 9 M. Otherwise, we would obtain at that point that

n—1
0< (’;) Ha(p) = =) (Av.e))? <0,

i=1

which is not possible. Besides, we also know from (22) in [1] that
% (v,a)ds = n[ Hi{a, N)dM. (2.5)
oM M

Therefore, taking into account th& > 0 and{(a, N) < 0 onM, it follows from here that
(v,a) < 0onaM. This allows us to rewrite (2.2) as

f (v, a)|* ds = i_lf [(v, a)|F ds. (2.6)
oM cp oM

By the Holder inequality, we obtain from here that

e/k
f (v, a)|bds < (% (v, a)[F ds) Al-01k
M M

which jointly with (2.6) gives

jéM (v, a)[Fds < HE0pka,. 2.7)
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Finally, by the Holder inequality we also get that

1/k
% (v, a)lds < <7§ (v, a)* ds) AUDIE
oM oM

which along with (2.7) implies the following inequality:

yg (v, a)ds
oM

This corresponds to inequality (25) in the proof of Theorem 1 in [1].
On the other hand, from (2.4), we deduce that

_ He < Hi—y
Hy = Hey
so that by (2.3) it follows that

_ féM (v, @) ds < YEDpA,. 2.8)

c = Hy—y,

Hy = B > 00,

with equality only at umbilical points. Therefore, as in the proof of Theorem 1 in [1], we
have

NHy(—(a, N)) > nc’*=9(—(a, N)) > 0,

with equality if and only ifM is totally umbilical. Then, integrating this inequality @
and using (2.5) (along with (14) in [1]), we deduce that

% (v, a)ds
oM

with equality if and only ifM is totally umbilical. This corresponds to inequality (27) in [1].
Finally, by (2.8), we have the equality in (2.9) and thé@rmust be umbilical. This finishes
the proof of our result.

_ f (v, a)| ds=n / Hi(—(a, N))=nc/*=0 / (—(a, N))
oM M M

=nc/® =0 vol(D)=pc/*0 4, (2.9)
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